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COMBINATORIAL IDENTITIES AND PASCAL’S TRIANGLE
In this chapter, we look at some combinatorial identities that arise naturally from the Pascal’s Triangle.

1. Definition of the Pascal’s Triangle

Recall that for any n, k € Z, with 0 < k < n, we define

<Z> = C (n,k) = the number of k-subsets of an n-set.

From the previous chapter, we have shown the following identities:

Identity 1: <n> = (n) =1
0 n

Identity 2: (T) —n
Identity 3: <n> = < " > foreach k, 0 <k <n
k n—k

We define the Pascal’s triangle to be the (infinite) triangle formed as follows:
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Using the identities above and the formula

(1) = w5

we could then obtain the following for the top 10 rows of the Pascal’s triangle.

1 8 28 56 70 56 28 8 1
19 36 84 126 126 84 36 9 1

We will label the rows of the Pascal’s triangle starting with Row 0, then Row 1, etc. Thus, Row n

consists of the integers (g) G) @ (n 7_12) (7:1) (Z)

Row 0: 1
Row 1: 1 1
Row2: 1 2 1
Row3: 1 3 3 1
Row4: 1 4 6 4 1
Row5: 1 5 10 10 5 1
Row6: 1 6 15 20 15 6 1
Row 7: 1 7 21 3 3 21 7 1

The three identities above can be translated to the following properties of Pascal’s triangle:

Property 1: Each row starts and ends with a 1.
Property 2: The second number in Row n is n.

Property 3: The entries in each row of the Pascal’s triangle are symmetric with respect to the center.
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1 4 6 4 1
1 5 10,10 5 1
1 6 15 20 15 6 1
1 7 21 3.3 21 7 1
1 8 28 5 70 5 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1

Using more identities, we shall prove additional properties of the Pascal’s triangle. We first enumerate
the properties, and then we translate them to identities.

Property 4: Each number (aside from the first and the last in the row) is obtained by adding the two
numbers immediately above it.

Property 5: The numbers in Row n are the coefficients in the expansion of (z + y)" .

Row 0: 1
Row 1: 1 1
Row2: 1 2 1
Row 3: 1 3 3 1
Row4: 1 4 6 4 1
Row5: 1 5 10 10 5 1
Row6: 1 6 15 20 15 6 1
Row 7: 1 7 21 3 3 21 7 1

Examples: (x—l—y)l = l-a+1-y
(+y)? = 1-2?+2-ay+1-y°
(x+y)? = 1-234+3-22y+3-2y2+1-93
(z+y)' = 1.a*+4 2%y +6 22> +4-2y> +1- ¢

Property 6: The sum of the numbers in Row n is 2.
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Row 0: 1=1 =20
Row 1: 1+ 1=2 =21
Row 2: 1+ 2+ 1=4 =22
Row3: 1+3+3+1=8=23
Row 4: 1+4+6+4+ 1=16 =24
Row5: 1+5+10+10+ 5+ 1=132 = 2°
Row 6: 1+6+15+20+15+ 6 + 1=64 = 2°
Row 7: 1+ 7 +21+35+35+21+ 7 + 1=128 = 27
1 8 28 56 70 5% 28 8 1
1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1

Property 7: The result of alternately adding and subtracting numbers in each row (except Row 0) is 0.

1
1-1 =0
1-2+1 =0
1-3+3-1
1-4+6-4+1
1-5+10-10+5-1
1-6+15-20+15-6+1 0
1-7+21-35+35-21+7-1 =0
1-8+28-56+70-56+28-8+1 =0
1 9 36 8 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
1 11 55 165 330 462 462 330 165 55 11 1

0

0

0

Property 8: If the numbers in Row n are multiplied by decreasing powers of 10 and then the products are
added, we obtain 11™.

Examples: 1-10'+1-10° = 10+1 = 11!
1-1024+2-10"4+1-10° = 100 +20 + 1 = 112
1-102+3-1024+3-10' +1-10° = 1000 + 300+ 30 + 1 = 113
1-10*4+4-1034+6-102+4-101 +1-10° = 10000+ 4000+ 600 +40+1 = 11*
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Property 9: If “hockey sticks” are formed as below, then the number on the lowest row equals the sum of
the other numbers on the stick.

1
1 1
1
1
1 5 1
1 6 1
1 7 21 21 7

1 8 28 56 70 28

1 9 36 84 126126 84

1 10 45 120210252210

1 11 55 165330462 462

1 12 66 220495792924 792

45 10 1
165 55 11 1
220 66 12 1

Property 10: The Fibonacci sequence can be obtained by forming sums of the numbers in the diagonals
shown below:

21 35 35 21 7 1
8 28 56 70 56 28 8 1
" 9 36 84126126 84 36 9 1
1 10 45 120210252210120 45 10 1
1 11 55 165330462462330165 55 11 1
1 12 66 220495792924 792495220 66 12 1

(Note: The Fibonacci sequence is the sequence: 1,1,2,3,5,8, 13,21, 34,55,99,... It begins with
two 1’s and the rest are obtained by forming the sum of the two terms before it.)

Property 11: In any hexagon formed as shown below, the product of the numbers in one triangle is equal
to the product of the numbers in the other triangle.
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1 8 28 5 70 56 28 8 1
1 9 3 84 126 126 8 36 9 1

Property 12: The sum of the squares of the entries in Row n equals the entry in the center of Row 2n.

Examples: 12 =1
12412 = 2

124+224+1%2 = 6

12432432412 = 20
124+424+62+42+12 = 70

2. Identities 4 to 12

Property #4 above, says that we can obtain the value of each entry (that is, (Z)) by adding the two

n—1

entries directly above it (that is, ( k—l) and (";1)). We can then translate this property into the following
identity:

Identity 4: (Pascal’s Identity) For any n, k € Z, with 1 < k < n,
ny (n-—1 n n—1
k) \k-1 k)
Proof: Let S be a set with n elements. Then, Z is the number of k-subsets of S. Now, suppose a
is any element of S. Then the k-subsets of .S can be grouped into two classes: those that contain a and

those that don’t. The number of k-subsets that contain a is clearly equal to (since each k-subset

n—1
E—1
containing a corresponds to a (k — 1)-subset of S\ {a} and |S'\ {a}| = n — 1.) while the number of

k-subsets that don’t contain a is equal to I

Property #5 follows from the Binomial Theorem:

Identity 5: (Binomial Theorem) For anyn € Z,n > 1,

(w_’_y)n — <g’>l_n+ (T)xnly_i_ <Z)xn2y2++ (ni’T)xrynr_’_u_
n n n
+ <n - 2> :L,Zyn—Q + (n B 1> xyn—l + <n >yn.



Proof: By definition, (z +4)" = (z +y) (z +y) -+ (x +y) (n factors). Each (z + y) contributes

either 12! or 1y! in the product, so every term in the expansion of (z + )" must have the form x"y" "

for some r € Z, 0 < r < n. Now the number of times that z"y" ™" is formed is exactly the number of
ways to select x exactly r times. Since there are n such (x + y)’s to choose from, this number is exactly

(n) or ( " ),completing the proof.
r n—r

As a consequence of the Binomial theorem, we obtain the identities corresponding to Properties 6, 7
and 8. To prove Identity 6, we make the substitution z = y = 1. For Identity 7, we letz = 1 and y = —1.
Identity 8 follows if we let x = 10 and y = 1.

. o (n n n n n n\ _on
Identity 6: <0>+<1>+<2>+ +<n—2>+<n—1>+<n> 2m,
) n n n nfmny _
Identity 7: <0>—<1)+<2>—-~+(—1) <n>_0'
Identity 8: (107 + (" )1om - (" )10t + (" )100 = 117,
0 1 n—1 n
Property 9 follows from the following identities called Chuh Shih Chieh’s identities.
Identity 9:
k k+1 k+2 E+¢\ ([ k+0+1
)+ Ot )+ (5 ) () = ()
k k+1 k+2 E+¢\ [ kE+0+1
(5)+ ()= (2 ) (50 ) = (),
2 3 4 5
Example.<2>+<2>+<2)+<2> < >
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Property 12 follows from the following identity:

ey 2 (37 (1) (2) -+ (20 = 6) = ()

The last identity is a corollary of the following more general identity, if we make the substitution
m = n and k = n, and use Identity 3.

Theorem: (Vandermonde Identity) For any integers n, m, k > 0, with0 < k < n,m,

@)+ GG G ")+ (G - (7)o

Proof: Let S = {1,2,...,n},T={n+1,n+2,...,n+m},and U = S UT. Then the right hand
side of (V) is the number of k-subsets of U. On the other hand, the left side counts the same thing. Note
that the left hand side counts the number of k-subsets of U where ¢ of the elements come from S and k& — ¢
come from 7, fori =0, 1, ..., k.
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